In this note we state some basic spectral properties of a class of operators associated with a representation of a Lie group. We merely indicate the proofs since we intend to give details in another
context.
Let T (.) be a strongly continuous representation of the Lie group G in the Banach space X. For a in A, the Lie algebra of G, let A(a) be the infinitesimal generator of the one-parameter group, T (exp(ta)), −∞ < t < ∞, and let A * (a) be the adjoint of A(a). It is known that
is dense in X and that
is dense in X * in the weak* topology. Let {e 1 , . . . , e n } be a basis for A and set
is defined on W m and denoting α in reversed order by α * , the operatorB To prove this we observe that if
We use the properties of weak solutions of elliptic equations to show that x * 1 is in W m − 1 * and then apply an adaptation 2 of the mollifier technique.
If the stronger condition 
To obtain the inequality we observe that
with
partially invert this equation in a neighborhood of the identity using a parametrix; and then establish appropriate estimates 4 for the parametrix. It is of interest to note that if a α is real when |α| = m, S(t)
is holomorphic in a half-plane. The integral is a Bochner integral and h(t, g) is analytic in t and g. We remark finally that, when t is in the interior of the domain of S(.) and x is in X, S(t)x is an analytic vector.
The above results generalize theorems of Nelson 5 and Nelson and Stinespring. 1 1 Nelson, E., and W.F. Stinespring, Amer.J.Math., 81, 547-560 (1959).
